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In a recent paper (Girard 20116), Girard uses the geometry of interaction in the hyperfinite 
factor (Girard 2011a) in an innovative way to characterize complexity classes. The purpose of 
this paper is two-fold: to give a detailed explanation of both the choices and the motivations 
of Girard's definitions, and - since Girard's paper skips over some non-trivial details and only 
sketches one half of the proof - to provide a complete proof that co-NL can be characterized 
by an action of the group of finite permutations. We introduce as a technical tool the 
non-deterministic pointer machine, a concrete model that computes the algorithms 
represented in this setting. 



1. Introduction 

Traditionally, the study of complexity relies on the definition of programs as Turing Ma- 
chines, or some kind of abstract device. In recent years, a new approach to complex- 
ity stemmed from the so-called proof-as-program — or Curry-Howard — correspondence 
which allows to understand program execution as a cut-elimination procedure in logic. 
This correspondence naturally extends to quantitative approaches that made it possible 
to work on complexity with tools coming from logic. Due to its resource-awareness, Linear 
Logic (LL) is particularly suitable to treat computational questions, and many attempt 
have been made to characterize complexity classes using this formalism. To name a few, 
Elementary Linear Logic (ELL) (Danos & Joinet 2001), Soft Linear Logic (Lafont 2004) 
and Bounded Linear Logic (Dal Lago & Hofmann 2009) characterize complexity classes, 
but only deterministic, sequential and equal to P (polytime) or above. New directions have 
recently been explored to characterize other complexity classes: SBAL (Schbpp 2007) char- 
acterizes L (logarithmic space), Boolean Proof Nets (Terui 2004, Aubert 2011), was the first 
success toward a characterization of parallel classes. 

All those attempts belong to the field of Implicit Computational Complexity (ICC) whose 
main advantage is that we don't have to refer to a particular model or an external measur- 
ing condition. We only have to consider language restrictions (for instance by limiting the 
primitive recursion) or to infer the complexity properties of a program, for instance with 
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techniques like quasi-interpretations. LL offers a particularly nice framework to study 
complexity questions since the decomposition of implication into a linear implication and 
a duplication modality allows some fine tuning of the rules that govern the latter. All the 
attempts previously quoted are implicit characterization of complexity classes, as those 
logical system rest on the limitation of the computational power of LL. Next to the re- 
strictions of recursion and the rewriting system with quasi-interpretation, this approach 
exhibits several interesting results as we do not have to compute to know the limitations 
on space or time of our formalism. 

The geometry of interaction program (Girard 1989) was introduced by Girard a few years 
after the introduction of LL. It aims at giving an interpretation of proofs — or programs 
— that accounts for the dynamics of cut-elimination, hence of computation. By using re- 
alizability techniques, the different constructions introduced throughout the years allow 
to reconstruct types from the way programs interact with each other. Due to the fact that 
they are centered around the notion of computation, these constructions are particularly 
adapted to study computational complexity (Baillot, Pedicini et al. 2001, Lago 2005). 

The approach studied in this paper, which was proposed recently by Girard, differs from 
the previous works on complexity. Indeed, though it uses the tools of Girard's geometry of 
interaction in the hyperfinite factor (Girard 2011a), its relation to the latter is restricted 
to the representation of integers which is, in this particular setting, uniform: each integer 
is represented as an operator in the hyperfinite type Hi factor 91 By using an operator- 
theoretic construction — the crossed product — it is possible to internalize some isomor- 
phisms acting on !ER. Seeing each operator <p in the subalgebra generated by these inter- 
nalized isomorphisms as a sort of abstract machine, one can associate to it a subset of the 
natural numbers: those numbers whose representation composed with </> yields a nilpotent 
linear map, that is the natural numbers for which the machine <p halts. In this paper, we 
will present in details a first result obtained from this approach: considering the group of 
finite permutations of the natural numbers, we can obtain a characterization of the com- 
plexity class co-NL. To ease the presentation and proofs of the result, we will introduce 
non- deterministic pointer machines, which are a new characterization of co-NL in terms 
of abstract machines. 

2. Binary Integers 

In this paper, we will be working with binary integers. In this section, we will explain 
how it is possible to represent these integers by matrices. As it turns out, representation 
by matrices is not satisfactory, and it will be necessary to represent integers by operators 
acting on an infinite-dimensional (separable) Hilbert space. 

In intuitionistic logic, binary lists are typed with VX (X — X) — • ((X — X) — ► (X — X)). 
In ELL, the type of binary lists is: 

VX \(X^>X)^(\(X^>X)^l(X^X)) 

To a binary integer corresponds a proof of the sequent h ?(X ®X' L ),?(X ®X' L ),\(X —°X). 
Whereas the conclusion is always the same, the number of contraction and weakening 
rules and the occurrences of formulas which are contracted or weakened may differ from 
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one proof to another. We develop below three examples: the empty list <> and the lists 
< > and < 110 >. In the sequent calculus proofs below the variables are labeled by 
some information appearing in parentheses because one need to distinguish between oc- 
currences of variables to keep track of the principal formulas in a contraction. This distinc- 
tion, that appears in geometry of interaction and needs an explicit labelling of the vari- 
ables to be understood, is crucial since it may be the only difference between the proofs 
corresponding to two different binary lists. For instance, without this information, the 
proofs representing < 110 > and < 010 > would be exactly the same. 

To each sequent calculus proof, we associate a graph which represents the axiom links 
in the sequent calculus proof. The vertices represent the different occurrences of the vari- 
ables in the conclusion horizontally, and a number of slices vertically: the contraction is 
represented in geometry of interaction by a superimposition which is dealt with by intro- 
ducing new copies of the occurrences. In previous works (Seiller 2011, Seiller 2012a), one 
of the authors showed how to obtain a combinatorial version of (a fragment) of Girard's 
geometry of interaction in the hyperfinite factor. Though the graphs shown here are more 
complex than the ones considered in these papers (in particular, the edges may go from one 
slice to an other), they correspond exactly to the representation of binary lists in Girard 
frameworiQ. 

• The proof representing the empty list uses the weakening rule twice: 



\-X(S) Aj ,X(E) 

h\(X(S)^>X(E)) 1 

?KI 

h ?(Z(0i) QXiOo)- 1 ), !(X(S) -o XiE)) 

1 1 ?w 

h ?(X(0i)®X(0o) x ),?(X(li)®X(lo)' L ), \(X(S) -o X(E» 

h UX(Oi) -o X(0o)) -o (\(X(li) -o X(lo)) -o \(X(S) -o X(E))) 
h MX KX(0i) X(0o)) -o (KX(li) X(lo)) -o KX(S) -o X(E))) 

The corresponding graph is: 



(0o,0) (0i,0) (lo,0) (li,0) (S,0) (£,0) 



• The proof representing the list < > (resp. < 1 >) uses a weakening to introduce 
X(li) -a X(lo) (resp. X(0i) -o X(0o)): 



h X(S) Aj ,X(0i) h Xiao) 4 - ,X(E) 

h X(0i)®X(0o) Aj ,X(S) X ,X(E) 

J ' 

\- X(0i) ® X(0o) , X(S) -o X(E) 

h ?(X(0i) e XWo)' L ), !(X(S) -o X(E)) 

: : la 

h t(X{m®X(0o) x \t(X(li)®X{lo) x ), \(X(S) -o X(E» 

h 'AX(Oi) -o X(0o)) -o (<(X(li) -o X(lo)) -o \(X(S) -o X(E))) 
h MX KX(0i) -o X(0o)) -o (KX(li) -o X(lo)) -o KX(S) -o X(E))) 

The corresponding graph is: 

For more details, one may consult Seiller's PhD Thesis (Seiller 20126). 
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(00,1), 


(Oi.l)^ 


(lo,l) 


(li.l) 


(S,l) 


(£,1) 


(0o,0) 


(0i,0) 


(lo,0) 


(li.O) 


~(S,0) 


"(£,0) 



• The proof representing the list < 110 > contracts the occurrences X(Ai)®-X"(Aor and 
XdO^Xdo^.in bold below: 



h X(Oi),X(E)' L hXWXXiOo)^ 

\- X(0i)®X(0o) x ,X(li),X(.E) x h X(Ai),X(lo)' i ' 
® 

h x<.oi)»xmy L ,xai)»xao) x ,x(Ai),x(E)^ \- x(S),x(A y 

h X(0i) ®X(0o)' 1 ' ® X(lo)^ ,X(Ai) QXiAo)- 1 .XiSXXiE)- 1 



hX(0i)8X(0o)' L ,A'(li)8X(lo)' L ,X(Ai)8A'(Ao)' L ,X(S)-oA'(£) 
! 

h ?(X(0i) 8 X(Oo)- 1 - ), ?(X(li) ® X(lo)- 1 - , ?(X(Ai) 8 X(Ao) x , !(X(S) -o 

] ] 

h ?(X(0i) ® X(0o) ), ?(X(li) 8 Xdo)- 4 - ), !(X(S) -o XCE)) 

h vx !(x<oi) -o x(oo)) -° mxai) -° xao)) -° \(X(S) -° xum 
The corresponding graph is: 



(0o,3) 


(0i,3) 


(lo,3)^ 


(li,3) 


(S,3) 


(£,3) 


(0o,2) 


(0i,2) 




(li,2A 


(S,2) 


(£,2) 


(0o,l) 


(Oi.l) 


(lo,l) 


(li.l) 


\(S,D 


(£,D 


(0o,0) 




^Oo,0) 


(li.O) 


(S,0) 


^(B,0) 



The edges of the graphs describe the scanning of the list: the edge starting from X(S) 
goes to X(Oi) (resp. X(li)) when the list start with a (resp. a 1). The next edges goes from 
X(0o) (resp. X(lo)) to X(Oi) if the next element of the list is a 0, to X(l i) if the next element 
is a 1. It explains our notation: X(0i) (resp. X(l i)) is the input of a (resp. of a 1) and X(0o) 
(resp. X(lo)) is the output of a (resp. of a 1). We can construct the corresponding graph 
directly from the list, as for the next figure that represents the graph of < 11010 >: 



5 4 3 2 1 




Each element of the list lives in a different slice — the integer shown above each element 
of the list. Moreover, each element is connected by its output node to its successor's input 
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node (the successor of the last element is *), and by its input node to its predecessor's 
output node. This gives the following graph, which is the representation of < 11010 >: 



(0o,5) 


(0i,5) 


(lo,5)^ 


Ui,5) 


(S,5) 


(E,5) 


(0o,4) 


(Of, 4) 


(lo,4) 


(li,4) 




(E,4) 


(0o,3)^ 


f 

(0i,3) 


(lo,3) 


(li,3) 


(S,3) \ 


(E,3) 


(0o,2) 


(0i, 2) 


Jlo,2) 


"(li,2) 


(S,2) 


(E,2) 


(0o,l) 


(0i,l) 


(lo,l) 


(li,D 


(S,D 1 


(E,l) 


(0o,0) 


(0i>K 


^(lo,0) 


u;,o) 


(S,0) 


JE,0) 



Definition 1 (Matricial representation of a list). Given a list a =< ai,...,a n > of size 
n ^ and its corresponding graph G a , a is represented by N n a 6 x 6 bloc matrices of the 
following form: 

o l * 



' 


^00 





^10 


so 


A 


^00 





l 01 








p* 





^01 





Jll 


si 


















*; 







«; 











I 


eo 





ei 





, 



where coefficients are (« + 1) x (« + 1) matrices (the (•)* denotes the conjugate-transpose) 
defined by: 

— for j,k e {0,1}, {ljk) a ,b = 1 if there is an edge in G a from (jo, a) to (ki,b), and (ljk) a ,b - 
otherwise; 

— for y e {0,1}, (sj)o, n = 1 (resp. (ej)on = D if there is an edge in G a between X(S) and 
X(jn) (resp. from X(E) to X(jo)), and (sj) a ,b = (resp. (ej) a ,b = 0) otherwise. 

The embraces are here to help the reader to read this matrix: we can easily recover where 
are the information regarding the edges going for instance from a 1 to a 0. 

This representation of binary integers is however non-uniform: the size of the matrix 
depends on the size of the list of the represented integer. This is where the use of von 



C. Aubert and T. Seiller 



6 



Neumann algebra takes its importance: any matrix algebra can be embedded in the type 
III hyperfinite factor £H. In order to get a uniform representation of integers, we therefore 
only need to embed the matricial representation in fH. Before explaining this step, we 
review in the next section some basics of the theory of von Neumann algebras. The aim 
of this section is not to introduce the reader to the theory which is much too rich to be 
condensed here, but to give some ideas and intuitions on it. In the end of the next section, 
we introduce the crossed product of an algebra with a group, an operation which is the 
main tool that will be used in this paper. 

3. von Neumann Algebras and Crossed Products 
3.1. Hilbert Spaces and Operators 

We consider the reader familiar with the notions of Hilbert spaces and operators (con- 
tinuous — or equivalently bounded — linear maps between Hilbert spaces). We refer to 
the classic textbooks of Conway (Conway 1990) for the bases of the theory, and Murphy's 
(Murphy 1990) for an excellent introduction to the theory of operator algebras. We will 
not dwell on the definitions and properties of von Neumann algebras, factors, and hyper- 
finiteness. We believe all these notions, though used in this paper and in Girard's, are 
not at the core of the characterization, and will not play an important role in the follow- 
ing construction. We therefore refer to the series of Takesaki (Takesaki 2001, Takesaki 
2003a, Takesaki 2003&). A quick overview of the needed material can also be found in the 
appendix of the paper of one the authors (Seiller 2011). 

We recall that an operator T is a linear map from H — a Hilbert space — to H that is 
continuous. A standard result tells us that this is equivalent to T being bounded, i.e. that 
there exists a constant C such that for all f e H, \\T£\\ s£ C||f ||. The smallest such constant 
defines a norm on Jz?(H) — the set of operators on H — which we will denote by ||T||. 

Being given an operator T in J5f(H), we can show the existence of its adjoint — denoted 
by T* — , the operator that satisfies <T£,,T}> - <(,T*rj> for all (,rj e H. It is easily shown 
that T** = T, i.e. that (•)* is an involution, and that it satisfies the following conditions: 

1 For all A e C and T e ££(U), (AT)* = XT*; 

2 For allS, Te^?(H), (S + TY = S* + T* ; 

3 For all S,T e ££(H), (ST)* =T*S*. 

In a Hilbert space H there are two natural topologies, the topology induced by the norm 
on H, and a weaker topology defined by the inner product. 

1 The strong topology: we say a sequence {<f;}; e N converges strongly to when || -» 0. 

2 The weak topology: a sequence {<f;}; £ N converges weakly to when <£i,i]> — for all 
i) £ 5£{H). Weak convergence is thus a point-wise or direction-wise convergence. 

On 5£ (H), numerous topologies can be defined, each of which having its own advantages 
and drawbacks. The five most important topologies are the norm topology, the strong oper- 
ator topology, the weak operator topology, the ultra-strong (or cr-strong) topology and the 
ultra-weak (or cr-weak) topology. We can easily characterize the first three topologies in 
terms of converging sequences as follows: 
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1 The norm topology: {T;}; £ n converges (for the norm) to when ||T,|| — ; 

2 The strong operator topology, which is induced by the strong topology on H: {T;}; £ n 
converges strongly to when, for any ( e H, converges strongly to ; 

3 The weak operator topology, which is induced by the weak topology on H: {T;}; e N con- 
verges weakly to when, for any £ £ H, converges weakly to 0. 

We can show that Z£(W) is the dual of a space denoted by ££(H)* containing the trace- 
class operators. For further details, the reader may refer to (Murphy 1990) or (Takesaki 
2001). We remind here of this result only to define the cr-weak topology: if A is a topological 
space and A* is its dual, the weak* topology on A is defined as the point-wise topology. 

3.2. von Neumann Algebras in a Nutshell 

Let H be a Hilbert space, and !£ (H) be the set of bounded — continuous — linear maps from 
H to itself. It is standard knowledge that J2?(H) is an associative algebra when endowed 
with composition and pointwise scalar multiplication and addition. It is moreover a com- 
plete normed vector space for the operator norm, defined as ||w|| = sup{x e H | ||m(x)||/||x||}. 
It is therefore what is called a Banach algebra. On the other hand, it is known that every 
element of J2?(H) has an adjoint operator u* . This operation (•)* is an involution satisfy- 
ing: (t + uY =t* +u*, (tuY =u*t*, (XuY = lu*, \\u*\\ = and \\u*u\\ = \\u\\ 2 . A Banach 
algebra endowed with such an involution is called a C* -algebra. As it turns out (this is the 
famous Gelfand-Naimark-Segal (GNS) construction), any C* -algebra can be represented 
as a norm-closed *-subalgebra of ££(U) for a Hilbert space H. 

A von Neumann algebra 97t is a C*-subaglebra of if(H), where HI is a Hilbert space, 
which is closed for a weaker topology than the norm topology: the strong-operator topology, 
which is pointwise convergence on H considered with its norm topology. The first important 
result of the theory, obtained by von Neumann, is that this requirement is equivalent to 
the requirement that 971 is closed for the even weaker weak operator topology which is 
pointwise convergence on H considered with its weak — "direction-wise" — topology. It is 
also equivalent to a completely algebraic condition which is the fact that 971 is equal to its 
bi-commutant: let us denote 371' — the commutant of 971 — the set of elements of !£ (H) 
which commute with every element of 371, then 971" denotes the bi-commutant of 371, that 
is the commutant of the commutant of 371. 

The study of von Neumann algebras was quickly reduced to the study of factors, that 
is von Neumann algebras 371 whose center — the algebra of elements commuting with 
every element of 971 — is trivial: i.e. von Neumann algebras 371 such that 97tn97T' = Cljru- 
Indeed, any von Neumann algebra can be decomposed along its center as a direct integral 
(a continuous direct sum) of factors. Factors 91 can then be easily classified by their sets of 
projections (operators p such that p-p* - p 2 ): 

— Type I: 91 contains non-zero finite minimal projections. If the identity of 91 is the sum 
of a finite number — say n — of minimal projections, 91 is of type l n , and if it is not the 
case 91 is of type loo. 

— Type II: 9? contains finite projections but has no minimal projections. Then if the 
identity of 9T is a finite projection, 9? is of type Hi, and it is of type IIco otherwise. 

— Type III: all the non-zero projections of 91 are infinite. 
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Among von Neumann algebras, the approximately finite dimensional ones are of partic- 
ular interest, and are usually called hyperfinite. These are algebras in which every oper- 
ator can be approximated (in the sense of the cr-weak topolog5@) by a sequence of finite- 
dimensional operators (elements of type \ n factors, for n e N). In particular, the type Hi 
hyperfinite factor is unique up to isomorphism (in fact, for most types hyperfinite factors 
are unique). 

The definition we gave of von Neumann algebras is a concrete definition, i.e. as an 
algebra of operators acting on a Hilbert space. It turns out that von Neumann algebras 
can be defined abstractly as C* -algebras that are the dual space of a Banach space. In the 
next subsection, and more generally in this paper, the term "von Neumann algebra" will 
have the meaning of "abstract von Neumann algebra". 

3.3. von Neumann Algebras and Groups 

Definition 2 (Representations). Let DJl be a von Neumann algebra. A couple (H,p) where 
H is a Hilbert space and p is a * -homomorphism from 9Jt to Z£{H) is a representation of 
9Jf . If p is injective, we say the representation is faithful. 

Among the numerous representations of a von Neumann algebra, one can prove the 
existence (Haagerup 1975) of the so-called standard representation, a representation sat- 
isfying several important properties. 

The operation that will be of interest to us will be that of taking the crossed product of 
an algebra and a group. This operation is closely related to that of semi-direct product of 
groups and is a way of internalizing automorphisms. Given an algebra 21 and a group G of 
automorphisms of 21, we construct the algebra 21 x G generated by the elements of 21 and 
the elements of G. 

Definition 3. An action of a topological group G on a von Neumann algebra Jt is a 
continuous homomorphism of G into Aut(^). 

Definition 4 (Crossed product (representations)). Let (H,p) be a representation of a von 
Neumann algebra 9Jt, G a locally compact group, and a an action of G on Jl. Let IK = 
L 2 (G,H) be the Hilbert space of square-summable H-valued functions on G. We define 
representations n a of . « and A of G on IK as follows 

(n a (x).0(g) = (p(a(grHx))t(g) 
(MgU)(h) = itg^h) 

Then the von Neumann algebra on IK generated by n a (Jl) and X(G) is called the crossed 
product of (H,p) by a. 

An important fact is that the result of the crossed product does not depend on the chosen 
representation of DJl. The following theorem, which states this fact, will be of use in a 
technical lemma at the end of this paper. 

* In a nutshell, the algebra 5?(H) is the dual of the algebra of trace-class operators. As a dual, it thus inherits 
the traditional weak* topology, which is called in the context of von Neumann algebras the cr-weak topology. 
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Theorem 5 (Takesaki (Takesaki 2003a), Theorem 1.7 page 241). Let (H,p) and (K,p') be 
two faithful representations of a von Neumann algebra VJl, and let G be a locally com- 
pact group together with an action a on 2Jt Then there exists an isomorphism between the 
crossed product of(H,p) by a and the crossed product (K,p') by a. 

As a consequence, one can define the crossed product of a von Neumann algebra and a 
group acting on it by choosing a particular representation. Of course, the natural choice is 
to consider the standard representation. 

Definition 6 (Crossed product). Let 9Jt be a von Neumann algebra, G a group and a an 
action of G on DJl. The algebra 9Jt x a G is defined as the crossed product of the standard 
representation of SOT by a. 

A particular case of crossed product is the crossed product of C by a (trivial) action 
of a group G. The resulting algebra is usually called the group von Neumann algebra 
91(G) of G. As it turns out, the operation of internalizing automorphisms of algebras (the 
crossed product) and the operation of internalizing automorphisms of groups (the semi- 
direct product) correspond: the algebra 9T(G x\ a H)is isomorphic to 91(G) y*aH where a is 
the action of H on 9T(G) induced by the action of H on G. 



4. Integers in the Hyperfinite Factor 
4.1. Binary Representation 

We will embed the (n + 1) x (n + 1) matrices of Definition Q] in the hyperfinite factor £H 
in order to have a uniform representation of the lists: a list will be represented by an 
operator in dJlgffi) fulfilling some properties. To express them we define, given a sequence 
<ai,...,ak > representing an integer /J§ and for j, I e {0, 1}, the sets: 



T n 



rn 

l Sj ~ 
rn 



{1 sj i « k | Oj -j,aui = 1} 
{i = 1 1 a, =j) 
= {i=k \ai-j] 



Roughly speaking, Ig . (resp. If E ) tells us about the first (resp. last) bit of our list and 
is the set of sequences of a j followed by a I. 

Definition 7 (Binary representation of integers). An operator N n e is a binary 

representation of an integer n if there exists projections TiQ,it\,...,Tik in that satisfy 
Y. k i= Q^i = 1 such that: 






^00 





ho 


ho 





^00 





'oi 








I* 





hi 





hi 


hi 





ho 













I* 


I* 
'so 



















loE 





hE 









' We will always assume in the following that the length of the binary list representing the integer n under 
study is k . 



C. Aubert and T. Seiller 



10 



where the coefficients are partial isometries fulfilling the equations (where n^+i — no): 
I* = £ 7i i+1 l*7ii (★e{00,01,10,ll,S0,Sl,0S,LE}) 

no = Hoe + hE)doo + loi + ho + hi) k ~ 1 (lso + hi) 

Proposition 8 (Binary and matricial representations). Given N n e DJlo(D\) a binary rep- 
resentation of the integer n, there exists an embedding <p : 9Jl^+i(C) — ► D\ such tha^Id® 
(p(M n ) — N n , and M n is the matricial representation of the corresponding list. 



Proof. Let N n £ $H a binary representation of n £ N, and no, . • . ,Jtk the associated projec- 
tions. Notice that the projections 7T; are pairwaise equivalent. 
We now define an embedding <p : 9Jt n+ i(C) ->■ d\: 



: (a-ijh*ij*n " Z H a iJ u U 
i=0j=0 



with: 



(loo + hi + ho + hiY'Hlso + hi) 
doo + loi + ho + hiy' 1 
Uij = \ Woo + + ho + hiY~Hl so + lsi)Y 



if i = 

if i < j and i # 
if j = 

if i>j and 
if j = ./ = & 



Woo + Joi + Jio + Jn)' *)* 
n k 

We can easily check that the image by Id ® of the matrix M n representing n is equal to 

N n - □ 



Proposition 9 (Equivalence of binary representations). Given N n and N' n two binary 
representations ofneN, there exists a unitary u £ such that (Id ® u)N n (Id ® u)* = N' n . 

Proof. Let no,...,n n (resp. vo,...,v„) be the projections and 1+ (resp. l'+) the partial isome- 
tries associated to N„ (resp. N' n ). It is straightforward that no and vo are equivalent ac- 
cording to Murray and von Neumann definition, so there exists a partial isometry v such 
that vv* - vo and v* v = no- For all =S i s= n we define the partial isometries: 

vi = Woo + I'oi + Ao + I'uT^l'so + I'sJMVoo + loi + ho + IuY~HIsq + hi))* 
We can easily check that: 

ViV* = Vi 

v*vi = n t 

It follows that the sum u = £" =0 vt is a unitary and (Id ® u)N n (ld ® u)* = N' n . □ 



We denote by Id the identity matrix of 9)tg(C). We will allow ourselves the same abuse of notations in the 
following statements and proofs in order to simplify the formulas. 
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4.2. Normative Pairs 

The notion of normative pair, a pair of two subalgebras (9t,0), was denned by Girard 
(Girard 20116) in order to describe the kind of situations where the interaction of an 
operator in with two representations of the same integer in 0T is sure to yield the same 
result. The interaction used by Girard was based on Fuglede-Kadison determinant! As 
a matter of fact, Girard defines his interaction with the determinant but actually uses 
nilpotency in his proofs. In order to give more flexibility to the definitions, we chose to 
work with an interaction based on nilpotency, which represents the fact the computation 
ends. This change in definition does not modify the fact that one can characterize co-NL, 
but allows one to consider a broader class of groups^, and a broader class of languages^. 

Definition 10 (Normative Pairs). Let 9t and be two subalgebras of a von Neumann 
algabra 9JI. The pair (91, 0) is a normative pair (in 9Jt) if: 

— 91 is isomorphic to 91; 

— For all <£ e TteiO) and N n ,N' n e 9Jt6(9t) two binary representations of n, 

$>N n is nilpotent o ®N' n is nilpotent 

Proposition 11. Let S be a set and for all seS, 9t s = 91. For all group G and all action a 
of G on S, the algebra 9ft = (<E> s eS %U) X&G contains a subalgebra generated by G that we 
will denote ©. Then for all seS, the pair (9l s , 0) is a normative pair (in VJl). 

Proof. From the hypotheses, 9t s is isomorphic to 91. Regarding the second condition, we 
will only show one implication, the other being obtained by symmetry. By Lemma|9l there 
exists a unitary u such that (Id ® u)N n (ld ® u)* = N' n . We define v = <S> s eS u an< i n v the 
unitary in 9JI induced by v. Then n v commutes with the elements of ©, so if there exists 
k £ N such that ((pN n ) k = 0, then (</>N' n ) k = (<puN n u * t = (u<pN n u * f = u(<pN„ f u * = 0. □ 

Definition 12 (Observations). Let (9to,6) be a normative pair. An observation is an op- 
erator in DJle(&) ® 0, where Q is a matrix algebra, i.e. = 9Jt&(C) for an integer k, called 
the algebra of states. 

Definition 13. Let (9To,©) be a normative pair, and <p an observation. We define the set 
of natural numbers: 

[(/>] = {n e N | <pN n is nilpotent, N n a binary representation of n) 

Definition 14. Let (9to,S) be a normative pair and X c u°^ 1 9Jte(6) ® 9tt;(C) be a set of 
observations. We define the language decided by X as the set: 

{X} = {[0] \(peX} 



A generalization of the usual determinant of matrices that can be defined in a type II i factor. 

The use of the determinant forces Girard to consider only amenable groups, so that the result of the crossed 

product in Proposition ! lll vields the type Hi hyperfinite factor. 

In this paper and in Girard's, we consider languages obtained from finite positive linear combinations of 
unitaries induced by the group elements. The positivity of the coefficients is needed so that the condition 
involving the determinant implies the nilpotency. However, these conditions are no longer equivalent if one 
allows negative coeficients. As a consequence, this new definition of normative pair extends the number of 
languages that can be defined. 
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Corollary 15. Let & be the group of finite permutations over N, and for all n £ N, V( n = 91 
Then (9Io,©) is a normative pair in (<E> s eS^s) x« &. 

In this particular case, the algebra (<S>«en%i) >^a & is the type Hi hyperfinite factor. 
This is one of the reason why Girard considered it, as it is then possible to use Fuglede- 
Kadison determinant. From now on, we will consider this normative pair fixed, and we 
will study two sets of observations. 

Definition 16 (P s o and P + ). An observation (0; j )o«; j=s6£ e 9JT6(6) ® 2%(C) is said to be: 
— positive when for all ij, is a positive finite linear combination of unitaries induced 
by 6, i.e. 0,j = Z™ azA(g/) with a/ 3= 0; 

— boolean when for all i,j, (pij is a finite sum of unitaries induced by 6, i.e. (pij = 
L1l aik(gi) with ai = 1. 

We then define the following sets of observations: 

P»o = {</> I </> is a positive observation} 
P+ = {</> | (p is a boolean observation} 

5. Non-Deterministic Pointer Machines 

We define in this section the notion of non-deterministic pointer machine, an abstract de- 
vice that may only move a fixed number of pointers, read the pointed values and according 
to its non-determinist transition function change the position of the pointers and its state. 
It may remind of PURPLE (Schopp & Hofmann 2008) as we cannot remember any value 
nor access to the address of the pointers, and it may be interesting to study the relations 
between the latter and our machines. However, since this paper is focused on the study of 
a non-deterministic framework, we postpone this question to a future work dealing with 
deterministic complexity classes. 

Our device will take as input a binary integer n e N encoded by a string ao,...,a s e 
{0, 1, *} s+1 , with ai # * for 1 s= i =£ s and ao = *• We will moreover consider this input to be 
circular, that is ao = a s +i, and to be stored on a finite input tape where the address i of a 
value at will be denoted by #a;. 

Pointers usually store an address #a and allows to access to the pointed value a. Here, 
the pointers we manipulate are differents: they are associated to "memory cells" where 
the value a is stored, but this value is updated only when the pointer moves. We don't have 
access to the address #a and a is read and stored only when a pointer arrives at #a. Those 
restrictions are due to the simulation we will explain in the following section. 

Definition 17 (Instructions). Let p be a pointer. We will denote by #p the value of the 
pointer (the address it points at). We define the following instructions: 

— p+ which means "move the pointer forward", i.e. let #p be #p + 1; 

— p- which means "move the pointer backward", i.e. let #p be #p - 1; 

— ei which means "do not move the pointer". 

When p moves the new value at #p is read and stored. 

Definition 18 (Non-Deterministic Pointer Machines). A non-deterministic pointer ma- 
chine (NDPM) with p e N pointers is a triplet M = {Q,Z,^} where 
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— Q is the set of states, Q = {qo,qi,---,q e }; 

— Z = {0,1,*} is the alphabet; 

>-c (I. p x Q) x (&>((P p x Q)\0) u {accept, reject}) is the binary transition relation. 

where SP denotes the power set and P is the set of instructions {pi+,pi~,ei \ i £ {l,...,p}}. 

A configuration of a NDPM M is as usual a "snapshot" of Af at a given time: it is an ele- 
ment of N p x JP x Q which encodes the addresses #p\,...,#p p of the pointers, ai 1 ,...,ai p £ 
Y. p the last values read by the pointers and q e Q the current state. 

We define a pseudo-configuration c as "partial snapshot" of a NDPM Af : c £ Cm gives the 
last values read by the p pointers and the current state, but does not give the addresses of 
the p pointers. Formally, the set of pseudo-configurations is defined as Cm - Z p x Q, which 
is the domain of the transition relation: this relation is such that for all c £ Cm there exists 
a r such that c — r and r is either p instructions and a new configuration, either accept 
or reject. 

Let Af a NDPM, c e Cm and n an input. We define M c (n) as Af with n encoded as a 
string on its input tape starting in the pseudo-configuration c with its p pointers at #ao- 
As the pointers did not moved yet, Af do not know the values they point at, but c gives 
this information, not necessarily in a faithful way. An entry n is accepted (resp. rejected) 
by Af with pseudo-configuration c £ Cm if after a finite number of transitions every branch 
of M c (n) reaches accept (resp. at least a branch reaches reject). We say that M c (n) halts 
if it accepts or rejects n. We will say that Af decides a set S if there exists a pseudo- 
configuration c £ Cm such that M c (n) accepts if and only if n £ S. 

Shorthands We use the symbol * for any symbol in Z, 0/1 for "0 or 1". For instance 
(*,0,q) — (ei,P2+,q') will be a shorthand for 

(0,0, q) - (ei,p 2 +,q') 
(l,0,q) - (ei,p 2 +,q') 
(★,0,q) - (ei,P2+,q') 

One movement at a time We can prove that for all M = {Q,Z,^} with p pointers recog- 
nizing a set there exists M' = {Q',Z, — '} with p pointers recognizing the same set such that 
for all (7i,... ,a p ,q^' pi,... ,p p ,q_' at most one instruction among p\,...,p p differs frome;. 
For instance we can translate (*,0, l,q) — (pi+,p2 _ ,P3+,q') - for q p2 and q p3 two "fresh" 
states, not in Q - into 

(*,0,l,q) — ' (pi+,£2,C3,q P2 ) 

(*,*,*,q P2 ) -*' (e1.p2-.e3.qp3) 

(*,*,*,q P3 ) — ■' (ei,e 2 ,P3+,q') 

The number of states of Af ' and the number of transitions needed by Af ' to decides the 
same set increase, but that does not affect our machine in terms of complexity as the 
number of transitions and the cardinality of K will not be measures of the complexity of 
ours machines. 
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The only worry about complexity will be what sets we can recognize with this frame- 
work. It turns out that we can recognize a Co-NL-complete set as we will see in the fol- 
lowing. 

Definition 19 (s-t-Conn-COMP). We define the following problem: "given a (directed) 
graph encoded as a list of adjacences, accept if and only if there is no path from the source 
(numbered 1) to the target (numbered n) in the graph". This problem is known as s-t- 
Conn-COMP or REACHABILITY-COMP, is Co-NL complete and was shown to be in 
NL (Immerman 1988), and so is also NL-complete. We define the set 

s-t-Conn-COMP = {n e N | n does not encode a graph where there is a path from 1 to n] 

Proposition 20. There exists a NDPM M that decides s-t-Conn-COMP. 

Proof. Given a graph of size n, the input will be 



where (aij) is the adjacency matrix, that is to say that ay = 1 if and only if there is an edge 
from the node numbered by i to the node numbered by j, elsewhere. The boxed bits in 
the figure above are "separating" bits, between the coding of n and the list of adjacences, 
and between the coding of the edges going from i to the coding of the edges going from 

We define a NDPM M such that M c (n) with c = {*, ★, ★, *,Init} accepts if and only if n e 
s-t-Conn-COMP. 

The transition relation of M is presented in the figure Q] Informally, our algorithm goes 
as follow: p\ counts the size of the path followed. Every time we follow an edge, we move 
pi forward on the string made of n bits (second line offlOl. P2 will scan the encoding of the 
outgoing edges of a node, "followed" by p%: when p2 is reading a,j then p3 will be at ajx- If 
aij = 1 (premise offlOl. a non-determinist transition takes place: on one way we continue 
to scan the outgoing edges from i, on the other we increment pi, place p2 at aj\ and p3 
at on. P4 "follows" p3 on the n first bits, and if p4 reaches a 1 when p2 reads that there 
is an edge, it means that there is an edge whose target is n, and so we reject ( fTH . When 
P2 finishes to browse the adjacency list of an edge, we accept ©. If pi reaches a 1 and p4 
reads a (premise offT2l>. it means that we already followed n edges without ever targeting 
the node n, so we end up accepting. As we know that if there is a path from 1 to n then 
there exists a path of size at most n, M c (n) will accept if and only if n es-t-Conn-Comp, 
elsewhere M c (n) rejects. □ 

It turns out that all NDPMs cannot be represented as operators. Indeed, Lemma [251 
needs an additional requirement: acyclicity. However, as we will now show, a language 
which is decided by a non-deterministic pointer machine is decided by an acyclic NDPM. 

Definition 21 (Acyclicity). A NDPM M is said to be acyclic when for all c £ Cm and all 
entry n e N, M c (n) halts. 



edges going froml 



edges going from n 




nbits 
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(*,*,*,*,Init) — 


(Pl+,P2+>P3+,P4+Jnit) 


(1) 


( * # # Init) — ► 


(fi no+ no+ fa Tnit^ 


(2) 


(*, 1, *, *,Init) — * 


( £ l » P2 + > e 3 > e 4 > out.edge?) 


(3) 


( * , 0, * , * , out. edge?) — * 


(ei . + iDA + .no.edffe) 


(4) 


(*.0. * . * .no.edffe) — * 


( c l » ^2 ?P3 e 4 » p3.next.node) 


(5) 


(*. 1. * . * .no.edffe) — * 


accept 


(6) 


(*,*,*,*, p3.next.node) — » 


( £ 1 > e 2 >P3 +> € 4 » reading.sep.bit) 


(7) 


( * , * , 0, * , reading.sep.bit) — * 


p3+,64,p3.next.node) 


(8) 


( * , * , 1, * , reading.sep.bit) — * 


(ei . oo+.^Q.eyi .out.edffe?) 


(9) 


( * , 1, * , * , out.edge?) -« 


J ( e l,P2+> e 3>P4+> no - e dge) 
HPl+,t2> e 3>P4 + > ea 8 e ' Iouna ' 


(10) 


( * , * , * , 1 , edge.f ound) -« 


reject 


(11) 


(1, * , * , 0, edge.found) -« 


accept 


(12) 


( * , * , * , 0, edge.found) — « 


(ei,P2 ->C3.P4 -, rewind.p2.p4) 


(13) 


(*,*,*, 0/1, rewind.p2.p4) — « 


( £ 1 >.P2 ~> e 3 >P4 ~> rewind.p2.p4) 


(14) 


(*, *, *,*,rewind.p2.p4) — ► 


(ei ,/?2 - , ^3 , £4 , rewind.p2) 


(15) 


(*,0/l, *, *,rewind.p2) —■ 


(ei ,P2 ~, £3 . £4 , rewind.p2) 


(16) 


(*,*,*,*, rewind.p2) — 


(ei,P2+,P3->£4,exchange.p2.p3.) 


(17) 


( * , * , 0/1 , * , exchange.p2 .p3 ) — 


(ei,P2+,P3->e4,exchange.p2.p3.) 


(18) 


(*,*,*,*, exchange.p2.p3 ) — « 


( e l » e 2 >/?3 +> e 4 > get.p3.to.start) 


(19) 


( * , * , 0, * , get.p3.to.start) — 


(ei , £2 >/>3 +> e 4 > get.p3.to.start) 


(20) 


(*,*,!,*, get.p3.to.start) — 


(ei ,P2 +, ^3 , £4 , out.edge?) 


(21) 



Figure 1. The transition relation to decide s-t-Conn-COMP 

Lemma 22. For all NDPM M that decides a set S there exists an acyclic NDPM M' that 
decides S. 

Proof. To prove this, we need to prove that for all n e N and c £ Cm there exists a c' e Cm' 
such that if M c (n) does not halt then M' ,(n) rejects, and if M c (n) accepts (resp. rejects) 
then M' c ,(n) accepts (resp. rejects). 

We know that the number of configurations of M is bounded by 0(n°) for c a constant 
depending of p, the number of pointers of M. So we know that if M does more than 0(n c ) 
transitions, it will never halt. To obtain M' we will simply add c + 1 pointers that will be- 
have like the hands of a clock. The first one moves forward each time we make a transition. 
Each time the f-th one has traveled through the whole input tape, the i + 1-th one moves 
forward. When the last one reaches the beginning of the input tape, M' accepts. It ensures 
us that M' has made 0(n c+1 ) transitions: if M' did not halt after this time, it means it was 
in a loop. 
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We set p' — p + c + 1, and for all q £ Q, every time we had in M the transition: 

(f,q) — 0re,q') 

we add to — >'e M' the following set of transitions (for p + 1 =S k < p')\ 
(i,*,...,*,q)^' (m,p p+ x+,.. .,p p f +,q') 
(f,0/l,...,0/l,q)^'(/n,pp + i+,CT p+ 2,...,crp',q') 
0/1,... ,0/1,1* =*,0/l,,...,0/l,q)^'(m,o- p+ i,...,(7*_ 1 ,/) A +,j3 A+1 +,(r A+ 2,...,o-p',q') 
(i, 0/1,..., 0/1, *,q)— ' reject 

Then, for all c' = (i,p p+ i,... ,p p i) e Cm' that does not appear on the left-hand side in the 
previous set of transitions, we add c' —■' reject. 

For all c = (mi,. . . ,m p ,q) £ Cm we define c 1 - (mi,... ,m p ,*,...,*,q) £ Cm'- 

Now take a pseudo-configuration c £ Cm, several cases arise: 

— If M c (n) was halting, it was in less than 0(n c ) transitions so M' c ,(n) will have the same 
behavior. 

— If M c (n) was entering a loop, M' ct (n) rejects after 0(n c+1 ) transitions. 

However, since we supposed that M was deciding S, we know there exists a pseudo- 
configuration co £ Cm such that for all n £ N, M Co (n) halts, hence never enters a loop. 
As a result, by considering the pseudo-configuration c Q we can see that M' will decide the 
set S. Moreover it is clear that for all c' £ Cm' and all n £ N, M' c ,(n) always halt, so M' is 
acyclic. □ 

Definition 23. Let {NDPM} (resp. {ANDPM}) be the class of sets S such that there exists 
a NDPM (resp. an acyclic NDPM) that decides S. 

Proposition 24. 

co-NL c {ANDPM} 

Proof. Proposition [20] shows that co-NL S {NDPM}. Moreover, it is clear that {ANDPM} c 
{NDPM} and the preceding lemma shows that {NDPM} c {ANDPM}. As a consequence, we 
have {NDPM} = {ANDPM} and thus co-NL <= {ANDPM}. □ 



6. Encoding Non-Deterministic Pointer Machines 

6.1. Encoding a Machine 

Our aim in this section is to prove (Theoreml25ll that for any acyclic NDPM M and pseudo- 
configuration c £ Cm, there exists an observation M* £ SJ\.q(D) ® £}m such that for all N n £ 
5D?6(9t) a binary representation of n, M c (n) accepts if and only if M' c (N n ®lQ M ) is nilpotent. 
We will define M" as an operator of 5D?6(©) ® Qm, where 

q m = so?6(C) ® an 6 (C) ® ■ • ■ ® an 6 (C) ; ®g%(C) 

p times 

The intuition is that the i-th. copy of ^JleiC) represents a "memory block" that contains the 
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last value read by the i-th pointer. We will therefore distinguish for each copy of 97te(C) a 
basis (0o,0£,lo, li,s,e) corresponding to the different values that a pointer can read. The 
last algebra in the tensor product represent a set of states: we will distinguish a basis 
QuB where Q is the set of states of the machine M and B is an additional set of states 
needed for the definition of M' c . To sum up, the distinguished basis of 0m considered will 
be denoted by tuples (a\,... ,a n ,q). Notice that such a tuple naturally corresponds to a 
pseudo-configuration when q e Q. 

As a consequence of the tensoring of N n with the unit of the algebra of states, the inte- 
ger is considered at the same time in every possible pseudo-configuration. As a result, the 
computation represented by the sequence M'(N n ® lQ M ),(M'(N n ® l£j M )) 2 ,... somehow 
simulates all the computations M c (n) (c a pseudo configuration) simultaneously. How- 
ever, the representation of reject cannot be done without considering an initial pseudo- 
configuration, something that will be explained in the next subsection. 

The main difficulty is now to encode the transition relation. In order to do this, we will 
encode each couple (c,t) by an operator <p c j. The encoding of the transition relation 
will then correspond to the sum: 

E E <t>c, t 

C£Cm t S.t. C^t 

Before explaining the encoding of basic operations, we first define the projections tiq , 
iiQi, n\ , iiu, iistaru n end of 97le(C) as the projections onto the subspace generated by the 
distinguished basis. We moreover define no. = 7To; + no and n\. - n\ + n\i to identify the 
bit currently read without considering if we come from the left (the output) or the right 
(the input). 

For the sake of simplicity, we also define the following operators in Qm : if c = (a i , . . . , a p , q) 
and c' - (a'j , . . . , a' p , q'), we define the partial isometry: 

(c — • c) = (01 — a\) ® • • • ® (a p — a' p ) ® (q — q') 

where 











P 
















(pe{ai,...,a p ,q}) 
(p' £{a' v ...,a' p ,ci'}) 



v " •■• " ••• " I 

For S a set of states, we will use the notation (S -» a' t ) (denoted (-» a'-) when S contains 
all possible states) for the element that goes from any state in S to a - , which is defined as 
X s£ s(s^a-)- 

A transition that impacts only on the values stored in the subset pi 1 ,...,pt [ and the 
state q will be denoted by 

([a/j — a-J^;.. .;[ai, — a ■ ; ]/ / ;q — q') = ui ® u 2 ® • • • ® u p ® (q — q') 

where ui = (a; . — a'- ) if 3 /, i = i ,-, = Id elsewhere, and q — q' = Id if q = q'. 
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We are now ready to define the operators needed to encode the basic operations of the 
machine. Considering the von Neumann algebra 9Jle(D\) ® 0m as 5D?6(C) ® $H ® Qjf, we 
will define these operators as tensor products u®v®w, where u e 9Jte(C), v e & cV\ and 

6.2. Basic Operations 

From now on, we consider given a machine M and a pseudo-configuration c = (ai, . . . ,a p ,q). 

6.2.1. Moue forward (resp. backward) a pointer, read a value and change state. We want to 
encode the action "move forward (resp. backward) the pointer k when we are in the pseudo- 
configuration c = (a\,... ,a p ;q), read the value a', stored at #pk and change the pseudo- 
configuration for c' = (ai,. . . ,ak-i,a' k ,ak+i,- ■ ■ ,a p ;q')". For a e {f,b},j e {0,1,*}, anc@d = 
ji (resp. d - jo) ifa-f (resp. a = b), we define the operators: 

m*,(c;q^q') = 1® t ,£ ® ([s e {0,1,*} — sd];q — mouvj) 
Zojj(c;q — q') = ^ ®t 0j * ® ([— ^]js,;mouv fe — q') 

where [s e {0, 1, *} -» s i] (resp. [s e {0, 1, *} -► so]) is the operator Lse{0,i,*}( s i — ■ s i) + (so — 
si) (resp. Z se {o,i,*}( s * ~* s °) + ( so - * so ^- 

The operator ?n&(c;q ->■ q') somehow selects the chosen pointer while lakj(c;q ->■ q') al- 
lows to move forward or backward according to a when the next bit is j. Then the operators 
that encode the forward and backward moves are respectively: 

«*(c;q^q') = m k (c;q^ q') + £ lfk,dc;q. -* q') 

/£{0,l,end} 

p^(c;q^q') = m^(c;q^q')+ £ ^A,/(c;q^q') 

£e{0,l,start} 

6.2.2. Accept. The case of acceptance is especially easy: we want to stop the computation, 
so every transition (oi,... ,a n ;q) -* accept will be encoded by 0. 

6.2.3. Reject. We want the operator to loop to simulate the reject of the machine. Indeed, 
a rejection must ensure that the resulting operator M'(N n ® 1) will not be nilpotent. A first 
naive attempt: 

reject na j ve — Idjtt 6 (C) ® Id ® ^reject 
shows that it is possible to make the computation loop, as N% ^ for all k e N. 

((N n ® l £ )Idgrn 6 (C) » Id® 7t reject ) k = (N n ® n reject ) k =N k n ® n reject 

Indeed, as — •" is built as a sum of the basic operations, reject naive appears in it, and so 
M'(N n ® lg) cannot be nilpotenQ 

So we have to be a little more clever to insure the operator will loop if and only if the 

" We consider that *o = start and *i = end. 

n Remember that N n ® l c = N n ® Id^+i an( . (c) ® Reject + N tt ® Id^n+i gjt 6 (C) ® (1 ~ n reject)- 
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operator that simulates the reject is reached. To do that, we simply make the operator go 
back to the chosen pseudo-configuration c when it reaches this operator. In this way, if 
reject was reached after applying the machine with a pseudo-configuration c', we enforce 
the computation of the machine on c. As a consequence, if the integer was accepted by the 
machine in state c, the rejection that corresponds to a computation on c' will be temporary: 
once rejection attained, the computation restarts with pseudo-configuration c and will 
therefore halts accepting. 

To encode this, we add two states to the machine — back; and mouv-back; — for each 
i = 1,. ,. ,p, and we define: 

rnii = 1 ® To,; ® (back; — mouv-back; ) 

rri = ttoo + 7*io ® to,£ ® ([— ^oo+^lo]j;mouv-backj — back;) 

ret = tf sfart ®T 0) ;®([^a;];;mouv-back; — back; +1 ) (l=£z<p) 

rc p = n st art®T(i,p ®([— a p ] p ;mouv-backp — q ) 

The operator simulating the reject by making the operator loop is then r = Y. P i=l rmi + rri + 
ra . The transitions of the form (a\ , . . . , a n ; q) — reject will then be encoded by the operator 
that represents the "transition" {a\,... ,a n ;q) — {a\,... ,a„;backo). 

6.3. First Inclusions 

Lemma 25. Let M be an acyclic NDPM, c £ Cm and M' c the encoding we just defined. For 
all « £ N and every binary representation N n E 9^6(91) of n: 

M c (n) accepts o M'(N n ® 1) is nilpotent 

Proof. Let us fix n £ N and N n one of its binary representations. Considering the repre- 
sentation of the reject it is clear that if a branch of M c (n) rejects, the operator M' c (N n ® 1) 
will not be nilpotent, so we just have to prove that if M c (n) accepts then M' c {N n ® 1) is 
nilpotent. We prove its reciprocal: let's suppose M' c (N n ® 1) is not nilpotent. In this prod- 
uct N n is given to the operator M' c that starts the simulation of the computation of M 
with input n in every possible pseudo-configuration at the same time. Since the encod- 
ing of M takes in argument a pseudo-configuration c £ Cm, we know that there exists 
a j such that M' c (N n ® l)nj is the simulation of M c (n), but the computation takes place 
in the other projections too: for i ^ j it is possible that M' c (N n ® 1)7T; loops where for a k 
(M'(N n ® V)) k 7ij = 0. We can correct this behavior thanks to the acyclicity: if M'(N n ® 1) 
is not nilpotent it is because at some point the reject state has been reached. After this 
state of reject is reached (let's say after r £ N iterations) we know that M' c {N n ® l) r 7r; is 
exactly the simulation of M c (n). If it loops again, it truly means that M c (n) rejects. So we 
just proved that M' c (N n ® 1) is not nilpotent if and only if (M' c {N n ® D) k nj ^ for all k £ N. 
But it is clear that in this case M with pseudo-configuration c rejects the entry n. □ 

Proposition 26. 

co-NL S {ANDPM} <= {P + } <= {P 30 } 
Proof. The first inclusion is given by Proposition [24] By Lemma [25l we have {ANDPM} c 
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{P+} since the representation M* of a couple (M,c), where M is an acyclic NDPM and 
c e Cm, is obviously in P+ . Moreover, since P+ c P^o, we have {P+} Q {P s o}- □ 

7. Positive observations and co-NL 

To show that {P^ol is included in co-NL, we will show that the product of a binary rep- 
resentation and an observation in P s o is the image of a matrix by an injective morphism. 
This fact was used by Girard, but we felt it needed to be more precisely stated and proved 
in the following (quite technical) lemma. 

Lemma 27. We consider the normative pair (91o,6) defined in Corollarv\15\and denote by 
A the algebra (<S>nso^) * ®- Let N n be a binary representation of an integer n in 9Jt6(9To) 
and <J> £ $Sl$(&) be an observation in P & o- Then there exists an integer k, an injective mor- 
phism y/ : fflk(C) — & and two matrices M £ 9Jt60Jt&(C)) and <t e Tte(Tlk(C)) 8 £ such that 
Id ® y/(M) = (N„ ® lg) cmd id ® 1// ® /dg (<t) = <P. 

Proof. We denote by the integer represented by N n and i? e 9Jt6(n+i)(C) its matricial 
representation. Then there exists a morphism 6 : 97t„ + i(C) -► such that Id ® 0CR) = 2V„ 
by Proposition^ Composing 9 with the inclusion ^ : 9Jt„+i(C) ->■ (8>^Lo^ n+1 ^^ * " x ® 1® 
• ■ ■ ® 1, we get: 

iV 

ld®((g)0(/z(#))=iv„®l®-"®l 

iv copies 

where N n is the representation of n in 9316(C) ® $H (recall the representation N n in the 
statement of the lemma is an element of 9316(C) ® 

Moreover, since <1> is an observation, it is contained in the subalgebra induced by the 
subgroup &n where N is a fixed integer, i.e. the subalgebra of £/> generated by {A(a) | a e 
We thus consider the algebra «8)^ =0 9Tt n +i(C)) x Sjv- It is isomorphic to a matrix 
algebra 9Jt&(C): the algebra ®^ =0 ^Ol n +i(C) can be represented as an algebra of operators 
acting on the Hilbert space C*'""^ 1 ', and the crossed product (®^ =0 ^yi n +i(C)) x 6jv is then 
defined as a subaglebra 3 of the algebra ^f(L 2 (6jv,C (n+1)Ar )) = M in+1) N m (C). We want to 
show that (N n ® lg) and <1> are the images of matrices in 3 by an injective morphism yi 
which we still need to define. 

Let us denote by a the action of ©at on <8>^ =0 9Tt„+i(C). By definition, 3 = «8>^ =0 9Jt n+ i(C)) X 
©iV is generated by two families of unitaries: 

— \ a (a) where a e &n; 

— n a (x) where x is an element of ®^ =0 9Jt re+ i(C). 

We will denote by y the action of 6 on ®£L 9t. Then K = ((SWoTO x 6 is generated by the 
following families of unitaries: 

— A r (cr) for a £ 6; 

— 7T r (x) for a: £ <S> n »o 9t- 

As we already recalled, 5> is an observation in P s o and is thus contained in the subalge- 
bra induced by the subgroup &n- Moreover, N n is the image through of an element of 
9Jt n +i(C). Denoting fJ the action of &n on ®„- £H, the two operators we are interested in 
are elements of the subalgebra 3 of A generated by: 
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— Apia) for a e (3jv; 

— np(®% =0 0(x)) for x e ®^ =0 2JI n+ i(C). 

We recall that <1> is a matrix whose coefficients are finite positive linear combinations of 
elements A r (a) where a e & N , i.e. (denoting by k the dimension of the algebra of states): 

We can therefore associate to O the matrix O defined as $ — (Xie/ a& & l a b^a^a ^))i=sa,&^6&' 
We will now use the theorem stating the crossed product algebra does not depend on the 
chosen representation (Theorem [5}. The algebra <S>^L is represented (faithfully) by the 
morphism n p°<S>'^LqS ■ We deduce from this that there exists an isomorphism from 3 to the 
algebra generated by the unitaries Ap(cr) (a e 6j\r) and 7ipo^'^' =0 9(x) (x e (g)^ =0 97t n+ i(C)). 
This isomorphism induces an injective morphism u> from 3 into 3 such that: 

N 

w(A a (ff)) = Apia) 

We will denote by ( the inclusion map <S>^L ^ c ®n^o ^ anc * v * ne inclusion map (5jv <= ©■ 
We will once again use the same theorem as before, but its application is not as imme- 
diate as it was. Let us denote by 6j\A6 the set of the orbits of 6 for the action of &n 
by multiplication on the left, and let us chose a representant f in each of these orbits. 
Recall the set of orbits is a partition of 6 and that &n x &n\& is in bijection with &. 
As a consequence, the Hilbert space L 2 (&n ,L 2 (&n\& ,®^Lo h ^ * s unitarily equivalent to 
L 2 (6,®^i IHl). We will therefore represent ®^Lo^ on tn ^ s Hilbert space and show this 
representation corresponds to n y . For each x £ (S>^Lo^> we define p(x) by: 

p(xK(f) = r (f- 1 )(((a;))af) 

This representation is obviously faithful. We can then define the crossed product of this 
representation with the group &n on L 2 (&n,L 2 (&n\&,®'^ =0 H)). The resulting alge- 
bra is generated by the operators (in the following, £ is an element of the Hilbert space 

L 2 (e N ,L 2 (e N \6,®Zo H »>- 

A(v)f(fX<r) = f(fXv _1 ff) 
n(x)m(cr) = piPio-^ixMmo-) 

= r(f- 1 )( r ((T- 1 )(t(x))K(f)((T) 

= r((fff)- 1 )(t(x))K(f)( CT ) 
Through the identification of L 2 (6 iV ,L 2 (6 A r\6,(g)^ H)) andL 2 (6,<g)~ H)), we therefore 
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Figure 2. Representation of the main morphisms defined in the proof of Lemma |27] 



get (where ( eL 2 (e N ,L 2 (e N \6,®™ =0 H))Y. 

A(v)f(of) = ftv^or) 

= A r (v)£(or) 

n(x)£,(otau) = y((crf) _1 )(((a;)))^(o'f) 

= w r (t(x))f((Tf) 

Applying theorem [5] we finally get the existence of an injective morphism ( from 3 into & 
such that: 

^Cx) 7Ty(t(x)) 

A^(ct) -► A r (cr) 

Figure |2] illustrates the situation. We now define y/ : 3 — .8 by 1// = ( o w. Noticing that 
AT„ = Idjrrt 6 (C) ® (7T r (t o ^(Af„ )), we get: 

Idajtsco®^^) = IdOT 6 (C)®iMId®7r a (Id®M)Cft)) 

AT 

= Id2n 6 (C)®T r (i o 00(M(-R))) 
= Idsn 6 (C)®rcy(«(iVn®l®-"®l)) 

= IdOT 6 (C)®7T r (' M(^)) 
= N n 



Idajt 6 ( C )®v®Id e («i>) = ( 52 «a j?W ff i i»W« 



6* 



= <5 

The (injective) morphism y/ thus satisfies all the required properties. 
We are now read to prove the last inclusion to get the main theorem. 



□ 
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Proposition 28. {P^ol ^ co-NL 

Proof. Let fl> e P^o, <£ its algebra of states and N n the representation of an integer n. By 
lemma 1271 we know there exists a morphism (p (and y/ as in the lemma, (p = ld<xn 6 (C) ® 
y/ ® Idg) and two matrices M and 4> such that (p(M ® lg) = 2V„ ® l g and 0(4>) = <J>. So we 
have <3>(N n ® 1<j) nilpotent if and only if (M ® lg )<t nilpotent. Our aim is now to prove that 
checking the nilpotency of this matrix is in co-NL. 
Our algebra is: 

9Jt 6 (C) « «aW»+i(C) ® • • ■ « £DWi(C)) x &n) ® e 
* , ' 

copies 

and we know an element of its basis will be of the form 

(n,ao,ai,...,aN',o-,e) 

where n e {1,6} is an element of the basis (0o,0i, lo, lz,s,e) of 9716(C), Oj €{1,..,,N] are the 
elements of the basis chosen to represent the integer n, a e &n and e is an element of a 
basis of <£. When we apply M ® lg representing the integer to an element of this basis, we 
obtain one and only one vector of the basis (n,ao,a\,... ,a^;a;e). When we apply to this 
element the observation i> we obtain a linear positive combination of L e N elements of 
the basis: 

L 

®(ji,ao,ai,...,aN;o-;e) = £ a;(p,a Ti (o),...,a Ti( jv);T;cr;e;) 
i=0 

With a non-deterministic machine, we can follow the computation in parallel on each basis 
vector thus obtained. The computation can then be regarder as a tree (denoting by b\ the 
elements of the basis encountered): 




We know that L and the nilpotency degree of 4>(M ® lg) are both bounded by the dimen- 
sions of the underlying space, that is to say 6(n + l) N N\k where k is the dimension of 
(£. Since every coefficient a; is positive, the matrix is thus nilpotent if and only if every 
branch of this tree is of length at most 6(n + ly^AH^. 

We only have a logarithmic amount of information to store (the current basis vector), 
and every time a branch splits a non-deterministic transition takes place in order to con- 
tinue the computation on every branch. □ 
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Theorem 29. 

{ANDPM} = {P + } = {P s0 } = co-NL 
Proof. By combining Proposition 1261 and Proposition 1281 □ 

8. Conclusion and Perspectives 

This work explains the motivations and choices made by Girard when he proposed this 
new approach to the study of complexity classes. In particular, we explained how the rep- 
resentation of integers by matrices is an abstraction of sequent calculus proofs of the type 
of binary lists in ELL, and how the use of the hyperfinite factor allows to overcome the 
lack of uniformity of the matrix representation. We then introduced a notion of normative 
pair which differs from the one introduced by Girard and showed how the crossed product 
construction can be used to define such pairs. The change from an interaction based on 
the determinant to one relying on nilpotency allows to consider a larger class of groups in 
the construction based on the crossed product. Moreover, even if the two definitions are 
equivalent in some cases, such as the one considered in this paper, they differ in some 
others. 

We then introduced non-deterministic pointer machines as a technical tool to show that 
co-NL c {P + }. The proof of this inclusion, which was only sketched in Girard's paper, helps 
get more insights on how computation is represented by operators. Moreover, it gives a 
new characterization of co-NL in term of machines. We then proved that {P^o) ^ co-NL 
following the proof given by Girard (Girard 20116), providing a proper statement and a 
proof of the key technical result that was not provided by Girard. 

We believe that this new approach of complexity can be used to characterize other com- 
plexity classes. Two different possibilities should be considered: changing the normative 
pair, and changing the set of observations. As we showed, one could define a normative 
pair from a group action by using the crossed product construction. However, obtaining 
new results in this way requires to overcome the difficulty of finding appropriate groups. 

The second possibility, which seems at the time less complicated would be to consider 
other sets of observations for the same normative pair. For instance, one could define the 
set of observations whose coefficients are unitaries induced by group elements and whose 
norm is equal to 1 (so that there are at most one non-zero coefficient in each column). 
Denoting this set by Pi, we can easily adapt the proof of Proposition [28l to show that 
{Pi} cL However, the question of wether the corresponding class {Pi} is equal or strictly 
included in L, and its eventual relations to PURPLE (Schopp & Hofmann 2008), still need 
to be answered. 
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